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Non-negative matrix factorization (NMF) has been a powerful data representation tool
which has been widely applied in pattern recognition and computer vision due to its
simplicity and effectiveness. However, existing NMF methods suffer from one or both of
the following deﬁciencies: (1) they cannot theoretically guarantee the decomposition
results to be sparse, and (2) they completely neglect geometric structure of data, especially when some examples are heavily corrupted. In this paper, we propose a local
coordinate based graph regularized NMF method (LCGNMF) to simultaneously overcome
both deﬁciencies. In particular, LCGNMF enforces the learned coefﬁcients to be sparse by
incorporating the local coordinate constraint over both factors meanwhile preserving the
geometric structure of the data by incorporating graph regularization. To enhance the
robustness of NMF, LCGNMF removes the effect of the outliers via the maximum correntropy criterion (MCC). LCGNMF is difﬁcult because the MCC induced objective function
is neither quadratic nor convex. We therefore developed a multiplicative update rule to
solve LCGNMF and theoretically proved its convergence. Experiments of image clustering
on several popular image datasets verify the effectiveness of LCGNMF compared to the
representative methods in quantities.
& 2015 Elsevier B.V. All rights reserved.
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1. Introduction
Data representation learns the intrinsic structure of the
data and reduces data redundancy to facilitate subsequent
data analysis. It has played an important role in pattern
recognition [1,2], computer vision [3,4], and biological
tasks [5–7] due to its efﬁcacy and efﬁciency. Recently, nonnegative matrix factorization (NMF [8,9]) has been proven
to be a powerful data representation method. It represents
data matrix as the product of two lower-dimensional factors, i.e., the bases and coefﬁcients of examples on these
bases. Since NMF learns sparse representation, it has been
successfully applied in computer vision.
n
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Since NMF preserves the non-negativity property of
practical data and learns intuitive interpretation consistent
with human brain [5–7], it has been widely used in computer vision [10] and data mining[11]. However, NMF
neglects the geometric structure proven beneﬁcial for
various vision tasks. Cai et al. [12] proposed graph regularized NMF (GNMF) which can preserve the geometric
structure of dataset in the lower-dimensional space. Guan
et al. [13] proposed a manifold regularized discriminative
NMF (MD-NMF) by preserving both the neighborhood
relationships and marginal maximization among examples. Shen and Si [14] developed the multiple manifold
NMF method (MM-NMF) to model the intrinsic geometrical structure of data on multiple manifolds. Guan et al.
[15] proposed a non-negative patch alignment framework
(NPAF) to unify NMF, GNMF, MD-NMF, MM-NMF, and
other related methods. However, both NMF and NPAF
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cannot guarantee any of decomposition results to be
sparse in theory.
Many NMF methods have been developed by imposing
sparseness constraints over the factors to overcome this
deﬁciency. For instance, Hoyer et al. [16] proposed the sparse
NMF method (SNMF) which explicitly incorporates sparseness constraints over both factors via the L1-norm regularization. Li et al. also proposed the local NMF (LNMF [1]) which
imposes localization constraint over basis to learn spatially
localized, parts-based representation of visual patterns.
Besides, Yuan et al. [17] developed the projective NMF (PNMF)
to learn sparse representation by implicitly enforcing orthogonal constraint over the basis. However, PNMF cannot
effectively learn the basis, and thus fails to reveal the grouping
memberships of examples. Chen et al. [18] proposed the nonnegative local coordinate factorization (NLCF) to induce sparse
coefﬁcients via the local coordinate constraint. But it often
easily induces trivial basis. To overcome this deﬁciency, Liu
et al. [19] developed the local coordinate concept factorization
method (LCF) to learn sparse coefﬁcients. Since LCF implicitly
requires that the learned basis vector be close to several original data points, each data point can be approximated by a
linear combination of as few basis vectors as possible. However, since these methods assume that data noises follow
either Gaussian or Poisson distribution, they often fail
in situation where some examples are heavily corrupted.
To address this issue, Zhang et al. [20] and Shen et al.
[21] proposed the sparse robust NMF (SR-NMF) method to
decompose the original matrix into sparse and low-rank
components. The sparse component captures the outliers,
and meanwhile the low-rank component models the
intrinsic structure of the data. Kong et al. [22,23] proposed
the L2;1 -NMF which penalizes the reconstruction with the
L2;1 -norm. It has been claimed to be robust to the outliers.
Besides, Du et al. [24] proposed the CIM-NMF method
which employs the correntropy induced metric (CIM) to
remove the effect of the outliers. It possesses the ability to
handle the non-Gaussian noises. However, both traditional
NMF and robust NMF methods cannot guarantee the
decomposition results of NMF to be sparse in theory and do
not consider the geometric structure of the datasets. However, they still obtain unsatisfactory results in clustering
tasks because they neither guarantee the learned factors to
be sparse, nor preserve the geometric structure, both of
which have been proven beneﬁcial for clustering tasks.
In this paper, we propose a local coordinate based NMF
method with the signed graph regularization (LCGNMF) to
overcome the above deﬁciencies. Particularly, LCGNMF
enforces the learned coefﬁcients to be sparse by using local
coordinate constraint over both factors meanwhile preserving
the geometric structure of the data by incorporating graph
regularization. To further boost the robustness of NMF,
LCGNMF removes the effect of the outliers via the maximum
correntropy criterion (MCC). It is well-known that the MCC
induced loss function is non-quadratic and NMF's objective
function is non-convex, and thus it is difﬁcult to optimize
LCGNMF. In this paper, we developed a multiplicative update
rule to optimize LCGNMF, and theoretically proved its convergence. Experiments of image clustering on several popular
image datasets including Yale [25], Extended Yale B [26],
UMIST [27] and ORL [28] datasets verify the effectiveness of

LCGNMF compared to the representative methods in terms of
average accuracy and normalized mutual information.
The rest of this paper is organized as follows: Section 2
brieﬂy reviews related works on NMF and its variants.
Section 3 proposes LCGNMF and optimizes it via the
multiplicative update rule (MUR). Section 4 conducts
experiments to evaluate the effectiveness of LCGNMF, and
Section 5 concludes this paper.

2. Related works
This section brieﬂy reviews most related works with
LCGNMF, including non-negative matrix factorization
(NMF [8,9]), its robust variants [22–24] and non-negative
local coordinate factorization (NLCF [18]) .
2.1. Non-negative matrix factorization
Given any non-negative matrix X A Rmn
þ , whose rows
correspond to examples and columns to features, NMF
decomposes X into the product of two lower-dimensional
non-negatives U A Rmr
and V A Rrn
by minimizing the
þ
þ
distance between X and UV, i.e.,
min

rn
U A Rmr
þ ;V A R þ

J X  UV J 2F ;

ð1Þ

where U and V denote two factor matrices. J  J F denotes
the Frobenius norm, and r denotes the reduced dimensionality which satisﬁes r⪡min fm; ng. Frobenius norm can
also be replaced by Kullback–Leibler divergence.
Although the objective (1) is not convex with both
factors, it is lucky to yield the local minimum by the
multiplicative update rules
U ij ¼ U ij

V ij ¼ V ij

ðXV T Þij
ðUVV T Þij

;

ð2Þ

:

ð3Þ

ðU T XÞij
ðU T UVÞij

However, NMF still obtains unsatisfactory results in
clustering tasks because it cannot always guarantee the
learned factors to be sparse in theory. To induce sparse
coefﬁcients, Chen et al. [18] proposed the non-negative
local coordinate factorization method (NLCF) to learn
effective data representation by imposing the local coordinate constraint over both factors as follows:
min

U A Rmr
þ ;V

A Rrn
þ

kX UV k2F þ λ

n X
r 
X


vki uk  xi 2 ;

ð4Þ

i¼1k¼1

where λ signiﬁes the predeﬁned constant, and r the reduced
dimensionality. The local coordinate constraint penalizes
the distance of any pair-wise far-away examples meanwhile
encourages the similarity among close examples. However,
since they assume that data noises follow the Gaussian or
Poisson distribution, they often do not work well in this
case where some examples are heavily corrupted.
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2.2. Robust NMF
To address the above issue, Kong et al. [22,23] proposed
L2;1 -NMF which replaces the loss function with the L2;1
norm, i.e.,
min

rn
U A Rmr
þ ;V A R þ

J X  UV J 22;1 ;

ð5Þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
P
Pm
2
where norm J H J 2;1 ¼ ni¼ 1
j ¼ 1 H ji . L2;1 -norm reduces the effect of large outliers such that the corrupted
examples never dominate the objective. Thus, L2;1 -NMF is
more robust than NMF. Besides, Du et al. [24] proposed
CIM-NMF which can process non-Gaussian and impulsive
noises due to the correntropy induced metric (CIM). The
loss function of CIM-NMF can be written as
!!
n X
m
r
X
X
min
1  g X ab 
U ak V kb ; σ
;
ð6Þ
U;V Z 0

a¼1b¼1

k¼1

1
exp
where gðe; σÞ is the Gaussian kernel g ðe; σ Þ ¼ pﬃﬃﬃﬃ
2π σ


2
2
 e =2σ . Since CIM-NMF decreases the weight of large
outliers, it is robust to the outliers. But it still has enough
room to boost NMF for clustering tasks due to neglecting
both geometric structure and sparse constraints.

3. Local coordinate based graph-regularized NMF
To address the above issues, this section introduces a
local coordinate based graph-regularized NMF method
(LCGNMF) via maximum correntropy criterion. The maximum correntropy criterion is robust to the non-Gaussian
large outliers because it is dominated by slightly corrupted
examples. Particularly, LCGNMF enforces the learned
coefﬁcients to be sparse by using local coordinate constraint over both factors meanwhile preserving the geometric structure of the data by incorporating graph
regularization.
3.1. The proposed model
3.1.1. Unsupervised signed graph
Manifold learning [29–32] is to uncover the underlying
geometric structure within the dataset. It assumes that
high-dimensional data lie on a lower-dimensional manifold. A variety of methods have been developed to address
this issue by preserving the neighborhood relationships
among examples. Their success implies the importance of
preserving the geometric structure in visual applications.
However, traditional graph models only consider the
similarity among nearby examples but often neglects the
dissimilarity among far-away examples if none of labels
are available. To overcome this deﬁciency, this section
deploys an unsupervised signed graph Laplacian to take
both similarity and dissimilarity information of examples
into consideration.
For clarity, we ﬁrst brieﬂy review traditional unsigned
graph whose weights are always non-negative. Assume
that a graph G ¼ ðV; EÞ represents neighborhood relationships among all examples in X A Rmn , where V and E
denote vertexes and edges, respectively. Each vertex
stands for one example while the edges represent the link
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relationships among vertexes, i.e., the edge weighting
matrix. For a k-NN graph, the edge weighting matrix W
results from W ij ¼ exp J xi  xj J 2 =σ 2 (σ is the kernel width),
if vertex xi is one of the k nearest neighbors of vertex xj,
otherwise W ij ¼ 0. Therefore, manifold learning methods
[29,30] restrict that the lower-dimensional representations of examples share the identical neighborhood relationships among examples, i.e., the edge weighting matrix,
in original high-dimensional data space, i.e.,
n
X
i;j ¼ 1


2
W ij vi  vj 2 ;

ð7Þ

where vi denotes the lower-dimensional representation of
the ith example xi. By simple algebra, (7) can be rewritten
as the so-called the Laplacian regularization term:
trðVLV T Þ;

ð8Þ
P

where L ¼ D  W, where Dii ¼ j W ij , for i ¼ 1; 2; …n.
Interestingly, recent works [33,34] show that the edge
weights allowing negative values, i.e., the signed graph can
better incorporate both similarity and dissimilarity information to enhance the discrimination performance. Different from previous works [33,34], we focus on deploying
an unsupervised signed graph, especially when none of
labels can be available. We encode the edge weights of
vertexes by using the sparse coding technique [35–37].
Sparse coding requires representing any vector as the
linear combination of as few atoms as possible, and has
been widely applied in computer vision applications due
to its efﬁcacy. Given the ith example xi, we take all
examples as the atom matrix X, and calculate the corresponding coding zi by solving
minkxi  Xzi k2F þ γ kzi k1 ;
zi

s:t:; eTi zi ¼ 0

ð9Þ

where J  J 1 denotes the l1-norm, and γ a predeﬁned
regularization parameter, and ei denotes a unit vector
whose ith entry is 1. The above problem (9) is equivalent to
the following form:
minkxi  X  i ck2F þγ kck1 ;
c

ð10Þ

where X  i denotes that X excludes the ith example xi. For
the above problem (10), many optimization algorithms
such as LARS [38] and LeastR [39] have been developed to
efﬁciently optimize it. By solving (10), we can obtain
zi ¼ ½c1 ; …; ci  1 ; 0; ci ; …; cn  1 .
For all examples, we concatenate their coding vectors
into a matrix S, and its entries have both positive and
negative values. When all entries are positive values, it will
degenerate to an unsigned graph. Therefore, the proposed
signed graph can accommodate all situations in an adaptive
manner. That is because coding vectors are driven by the
dataset without manual settings. In addition, it can better
reﬂect both similarity and dissimilarity relationships among
examples. Fig. 1 veriﬁes this point clearly. Fig. 1(a) shows
nine images from three individuals which includes three
images per individual. Fig. 1(b) and (c) demonstrates both
signed and unsigned graphs, respectively, and their corresponding edge weighting matrices. When the edge weight
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speciﬁc example, the greater values the positive entries
have, the closer the examples corresponding to the position of the positive entries are to this example; meanwhile,
the larger the negative entries are, the bigger their discrepancies are. Thus, the intuition induces the following
deﬁnition of our signed edge weighting matrix:
8
1;
Sij or Sji A maximal positive value
>
<
~ ij ¼ 0;
otherwise
W
ð11Þ
>
:  1; S
or Sji A negative value
ij

is 1, it denotes the neighborhood relationships between two
nodes. But when the edge weight is 1, it implies that two
vertices cannot be neighborhood. Since the signed graph
allows the edge weights to be negative, the constructed
graph distinguishes the similar and dissimilar nodes very
clearly. Fig. 1(b) shows that the proposed signed graph not
only adaptively selects the neighborhood relationships
among examples but also contains dissimilarity of different
individuals. In Fig. 1(c), the unsigned graph is built based on
k-NN with k=2. The unsigned k-NN graph neglects the
dissimilarity information of examples and induces incorrect
neighborhood relationships among examples from different
individuals.
Thus, the signed graph is an effective way to encode the
geometric structure of the dataset. Intrinsically, sparse
coding vectors implicitly imply the neighborhood relationships among all examples. For the coding vector of a
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where Sij signiﬁes the i-row j-column entry of S. Note that
the maximal/minimal value indicates the maximum/
minimum each column of S. After that, it is easy to yield
~ , where
the corresponding Laplacian matrix L~ ¼ D~  W
P ~
~
Dii ¼ j W ij . Thus, we can preserve the geometric structure
of the dataset by incorporating the signed graph based
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Fig. 1. Examples of signed and unsigned graph, respectively. (a) Displays nine images of three individuals, i.e., three images each individual, and their
sequence number corresponds to the nodes of (b) and (c). (b) and (c) show the signed and unsigned graphs (left) and the corresponding edge weight
matrices (right), respectively. The negative edge weights in the graph are shown in dash line while the positive are in solid line. By comparing (b) and (c),
some examples of different individuals in the signed graph take on the negative values without positive ones, while the unsigned k-NN graph contains the
positive edges between examples of different individuals. Thus, signed graph can reﬂect similarity and dissimilarity information within the dataset.

Fig. 2. Examples motivating the use of the CIM distance measure, including (a) the original image, (b) a second image of the same individual, (c) an
occluded image of the identical individual, and (d) an image of another individual.
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Fig. 3. Coefﬁcients of an image learned by (a) LCGNMF and (b) CIM-NMF. (a) Displays an illustrative image and its learned coefﬁcient and basis by LCGNMF,
and meanwhile the learned coefﬁcient and basis by CIM-NMF are shown in (b). By contrast, LCGNMF easily induces sparse coefﬁcient and this property is
beneﬁcial for identifying cluster identity in terms of the bounding box.
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Fig. 5. Image instances of (a) Yale, (b) YaleB, (c) UMIST, and (d) ORL datasets.
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Fig. 7. Average accuracy (AC) and normalized mutual information (NMI) versus different numbers of classes on the Extended Yale B dataset.

manifold regularization term as follows:
min kX  UV k2F þ α
U;V Z 0

~ Þ;
trðV LV
T

where α denotes the regularization parameter.

ð12Þ

3.1.2. CIM-based local coordinate constraint
Local coordinate technique [18,19,40,1] is investigated
to induce sparse coding. In practice, since the basis also
contains the data noises, the sparsity may be easily ruined.
Recent theoretical works [24] claim that CIM can remove
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the effect of large outliers. Thus, we propose a CIM-based
local coordinate constraint to address the above issue.
Both Fig. 2 and Table A1 show the examples' distances
measured by l2-norm and CIM metric, respectively, on real
dataset. Obviously, CIM can mitigate the effect of noises
over coefﬁcients and reduce the risk of incorrectly distinguishing different subjects.
Motivated by the above observation, we can rewrite the
traditional local coordinate as the following form:
n X
r
X

V ba ð1  gðU b X a ; σ 1 ÞÞ;

ð13Þ

a¼1b¼1


2
Pn
Pr
1


where σ 1 ¼ nr
a¼1
b ¼ 1 U b  X a 2 which signiﬁes the
bandwidth of the Gaussian kernel. By substituting (13) into
(12), we can obtain
~ TÞþβ
min kX  UV k2F þ α trðV LV

U;V Z 0

n
X

r
X

V ba ð1  gðU b  X a ; σ 1 ÞÞ;

a¼1b¼1

ð14Þ

where β stands for the predeﬁned regularization parameter. Actually, the CIM-based coordinate constraint still
induces the sparse coefﬁcients. This point can be veriﬁed
in Fig. 3.
Although objective (14) can maintain the data locality
and relieve the effect of data noises to coefﬁcients, it often
fails in practical situations where some examples are
heavily corrupted. This is because data noises do not follow the Gaussian or Poisson distribution. To address this
issue, we also employ the correntropy induced metric
(CIM [24]) to measure the reconstruction error. Thus, the
ﬁnal objective of LCGNMF becomes
min JðU; VÞ ¼

U;V Z 0

m X
n
X

ð1  gðX ab

a¼1b¼1
r
X

~ TÞ
U ak V kb ; σÞÞ þ α trðV LV



k¼1
n
X

þβ

r
X

a¼1b¼1

V ba ð1  gðU b  X a ; σ 1 ÞÞ:

ð15Þ
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Table A1
Comparison of normalized distance measures based on L2-norm and CIM.
Normalized distance
measurement

L2-norm

CIM

Same individual
Same individual with occlusions
Different individuals

0.0632
0.0747
0.0353

0.3722
0.3435
0.4010

Pm Pn
1
According to [24], we empirically set σ ¼ 2mn
i¼1
j¼1
Pr
ðX ij  k ¼ 1 U ik V jk Þ2 in our experiments. The proposed
LCGNMF greatly differs from both L2;1 -NMF and CIM-NMF
and has the following distinct aspects: (1) LCGNMF takes
the geometric structure of the data to boost performance
of image clustering, and (2) based on the robustness of
CIM, LCGNMF adopts a novel CIM-based local coordinate
constraint to reduce the effect of noises to coefﬁcients.
Both of them can signiﬁcantly boost NMF in image clustering. This point has been veriﬁed in the Experiments
section.

P
Pn
Pr
 rk ¼ 1 U ak V kb ; σÞÞ and
a¼1
b ¼ 1 V ba ð1  gðU b  X a
; σ 1 ÞÞ, respectively. Both W ab and Aab indicate the corresponding auxiliary variables. The reason why we deduce the
above two forms, i.e., ((17) and (18)), is to reduce computation
overhead of optimization algorithm. We optimize (16) with
respect to one variable with the other ﬁxed as follows:
Computation of W: When U and V are ﬁxed, the optimization
problem with respect to Wab is
!
P
ðX  rk ¼ 1 U ak V kb Þ2
W ab ¼ exp  ab
:
ð19Þ
2σ 2
Computation of A: When U are ﬁxed, the optimization value
for Aab is
!
ðX ia  U ib Þ2
¼
exp

Aab
:
ð20Þ
i
2σ 21
Computation of U: Given V, we can yield the derivative of (17)
with respect to U
ΔU ¼  ðW  X ÞV T þ ðW  ðUV ÞÞV T þ α

ð21Þ

The function (15) is not jointly convex over U and V, and
thus it is impossible to obtain the global solution. Fortunately, it is convex with respect to U with V ﬁxed, and
vice versa. Thus we developed a multiplicative update rule
(MUR) to optimize LCGNMF by alternatively updating both
factors.
Similar to [8,9], the optimization problem of LCGNMF
equals to minimizing the following augmented objective
function in an enlarged parameter space
min JðU; VÞ ¼

U;V Z 0

W ab

X
X ab 
U ak V kb

a¼1b¼1

!2

n X
r
X


2


V ba ðAab Þ1=2  ðU b  X a Þ
2

a¼1b¼1

ð16Þ

where Aab A Rm1 is a vector calculated by X a and U b . By
simple algebra, we can obtain the following two forms:
!2
m X
n
r
X
X
min JðU; VÞ ¼
W ab X ab 
U ak V kb
a¼1b¼1

k¼1

þϕðW ab Þ þ β

n 
2
X
 a
1=2 
T
ðL  ðX a 1 UÞÞΛa 
2

a¼1

~ T Þ;
þφðLa Þ þα trðV LV

ð17Þ

and

U;V Z 0

m X
n
X

W ab X ab 

a¼1b¼1

r
X

!2
U ak V kb

k¼1

r 
2
X
 b
1=2 
T
þϕðW ab Þ þ β
ðP  ðX  U b 1 ÞÞΠ b 
b¼1

~ T Þ;
þφðP Þ þ αtrðV LV
b

rr

ð22Þ

where  is the element-wise multiplication. Computation
of V: Given U, we can yield the derivative of (18) with
respect to V
ΔV j ¼ ð  2U T ðW  XÞ þ 2U T ðW  ðUVÞÞÞj
~ ÞÞ þαðDiagðððX  U j 1T Þ  P jT ÞðP j  ðX  U j 1T ÞÞÞ;
þ2βðVðD~  W
j

ð23Þ

~ T Þ;
þ φðAab Þ þ α trðV LV

min JðU; VÞ ¼

By setting the derivative of U to zero, we obtain
P
ðW  XÞV T þ α na ¼ 1 ððLa  X a 1T ÞΛa Þ  La
;
U¼U 
P
T
ðW  ðUVÞÞV þ α na ¼ 1 ððLa  UÞΛa Þ  La

k

þ ϕðW ab Þ þβ

U;V Z 0

ððLa  ðU  X a 1T ÞÞΛa Þ  La :

a¼1

3.2. Optimization algorithm

m X
n
X

n
X

nn

2

ð18Þ

and Π b A R
are the diagonal matrix of V a
where Λa A R
and V b , respectively, and La ¼ ½ðAa1 Þ1=2 ; …; ðAar Þ1=2  A Rmr
and P b ¼ ½ðA1b Þ1=2 ; …; ðAnb Þ1=2  A Rmn . Thus, both La and Pb
can easily result from Aab. In addition, ϕðW ab Þ and ϕðAab Þ
Pn
Pm
denote the conjugate function of
a¼1
b ¼ 1 ð1  gðX ab

where the operator DiagðÞ selects the diagonal elements of
speciﬁc square matrix as a row vector.
By setting the derivative of V to zero, we obtain:
V j ¼ V j 

~ Þ
ð2U T ðW  XÞj þ2αDiagðC Tj Dj Þ þ2βðV W
j
~
ð2U ðW  ðUVÞÞj þ αðDiagðC Tj C j Þ þDiagðDTj Dj ÞÞ þ2βðV DÞ
j
T

;

ð24Þ
j

j

T

T

1n

where C j ¼ P  X, Dj ¼ P  U j 1 , and 1 A R . For
clarity, we summarize the optimization procedure of
LCGNMF into Algorithm 1. In addition, we can obtain the
following theorem:
Theorem 1. The objective function in (16) is non-increasing
under the update rules in (22) and (24). The objective function is invariant under these updates if and only if U and V
are at a stationary point.
We leave the proof of Theorem 1 in Appendix A. As
shown in Fig. 4, the iteration curves of LCGNMF on Yale
[25], Extended Yale B [26], UMIST [27], and ORL [28]
datasets remain convergent after the 1000th iteration
round. To check the stationary of the solution, we utilize
the stopping criterion as follows:


 t t

JðU ; V Þ  JðU t  1 ; V t  1 Þ

 rε;
ð25Þ
 t t

JðU ; V Þ  JðU 0 ; V 0 Þ
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where t denotes the iteration round, and the tolerance ε is
set to 10  5 empirically in our experiments.
Algorithm 1. MUR for LCGNMF.
Input:
Output:
1:
2:

Example X A Rmn , number of cluster r, parameters α, β.
U and V.
Initialize: U; V with random initialization.
~ via (11)
Construct signed Laplacian matrix W

3:
4:
5:
6:
7:
8:

repeat
Update W via (19).
Update U via (22).
Update A via (20).
Update V via (24).
until {stopping criterion (25) is satisﬁed.}

The major computation cost of Algorithm 1 lies in Steps 4–
7. The time complexity of Step 4 is O(mn) and Step 5 takes
Oðmnr þmn þ mr þ mr 2 Þ in time. Both Steps 6 and 7 take time
of Oðm2 nÞ and Oðmnr þrn2 Þ, respectively. Therefore, the total
time complexity of Algorithm 1 is Oðmn þ mnr þ mr þ mr 2
þrn2 Þ.

4. Experiments
This section veriﬁes the effectiveness by comparing the
clustering performance of LCGNMF with the representative
methods including NMF [8,9], L2;1 -NMF [22], PNMF [17], CIMNMF [24] and Kmeans on four popular datasets including Yale
[25], Extended Yale B [26], UMIST [27], and ORL [28]. The
image instances of these datasets are shown in Fig. 5. In
clustering tasks, we adopt the raw pixels to learn the coefﬁcients of examples and we choose K-means to cluster the
coefﬁcients. The number of clusters equals to the number of
selected subjects. Besides, we do not distinguish the training
set and testing set yet we randomly collect the images from
speciﬁc numbers ð2  10Þ of individuals as the training set
meanwhile validate the clustering performance on this dataset. For fair comparison, each experiment was independently
conducted 10 times and then we validate the clustering performance in terms of average accuracy (AC) and normalized
mutual information (NMI).
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4.2. Extended Yale B dataset
The Extended Yale B face image dataset [26] is an
extension of the Yale dataset. By contrast with the Yale
dataset, it is tougher to perform clustering tasks on Extended
Yale B dataset. There are totally 2424 face images of 38
individuals. Each individual has 59 images at least and 64
images at most under different illumination conditions. All
images are still cropped to 32  32-pixel gray scale images
and we reshape them into a 1024-dimensional vector. We set
the parameters α ¼ 0:1 and β ¼ 1 for LCGNMF on this dataset. The compared methods involve none of parameters.
Fig. 7 reports the clustering accuracy and normalized
mutual information of the compared methods on the
Extended Yale B dataset. This also implies that LCGNMF is
superior to the representative methods in quantities.
However, since this dataset involves drastic illumination
variations, the learned bases by both the compared
methods and LCGNMF still contain the noises. Thus, it is
inevitable to obtain the relative lower performance compared with the other datasets.
4.3. UMIST dataset
The UMIST face image dataset [27] contains 575 frontal
view images from 20 individuals. And each individual has
no less than 41 images which vary in poses. All images are
cropped to 40  40 pixel gray scale images, and we
reshape them into 1600-dimensional vector. We set the
parameters α ¼ 0:1 and β ¼ 0:1 for LCGNMF on this dataset.
The compared methods involve none of parameters.
Fig. 8 shows the clustering accuracy and normalized
mutual information of all the methods on the UMIST
dataset. The results imply that LCGNMF outperforms other
methods under different class numbers. The improvement
in clustering accuracy can be attributed to the signed
graph regularization and local coordinate constraint. The
former not only preserves the geometric structure of the
dataset but also considers discrimination information into
the learned basis, while the latter induces sparse coefﬁcients to be as sparse as the cluster indicator vectors.
4.4. ORL dataset

4.1. Yale dataset
The Yale face image dataset [25] contains 165 frontal
view images from 15 individuals. And each individual has
11 different images under various facial expressions and
lighting conditions. All images are cropped to 32  32-pixel
grayscale images and we reshape them into a 1024dimensional vector. We set the parameters α ¼ 0:1 and
β ¼ 0:1 for LCGNMF on this dataset. The compared methods
involve no parameters.
Fig. 6 shows that LCGNMF consistently outperforms the
compared methods in terms of clustering accuracy and
normalized mutual information. This is because LCGNMF
can learn effective cluster centroids and the learned coefﬁcients can indicate the true cluster identity to some
extent. Besides, the signed graph regularization contains
discrimination information and thus can signiﬁcantly
boost the clustering performance.

The ORL face image dataset [28] contains 400 frontal
view images from 40 individuals. Each individual has 10
images which vary in lighting, poses and facial expressions. All images are cropped to 32  32 pixel gray scale
images and we reshape them into 1024-dimensional vector. We set the parameters α ¼ 0:5 and β ¼ 0:1 for LCGNMF
on this dataset. The compared methods involve none of
parameters.
Fig. 9 shows the clustering accuracy and normalized
mutual information of all the methods on the ORL dataset.
In terms of the normalized mutual information, LCGNMF is
comparable to both L2;1 -NMF and CIM-NMF. However, the
results imply that LCGNMF outperforms the other methods in terms of clustering accuracy.
Considering the high effectiveness of LCGNMF, we are
expected to extend this model to incorporate more information such as advanced Fisher's discriminant analysis
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techniques including geometric mean [41] and tensor
discriminant analysis [42] in our future works.

Lemma 2. The function:


 
 

G u; uðtÞ
¼ F ab uðtÞ
þ F 0ab uðtÞ
u  uðtÞ
ab
ab
ab
ab
þ

5. Conclusion

ðW  ðUVÞV T Þab þ α

Pn

i¼1

ðððLi  UÞΛi Þ  Li Þab

uðtÞ
ab

ðu uðtÞ
Þ2
ab

ðA:5Þ
This paper proposes a local coordinate based graphregularized NMF (LCGNMF) to induce the sparse coefﬁcients and consider the geometric structure of data space
under the real noise datasets. Beneﬁting from these
effective strategies, LCGNMF enhances the representation
ability of NMF. Besides, LCGNMF utilizes the correntropy
induced metric as the loss function to remove the effect of
the outliers. To optimize LCGNMF, we developed a multiplicative update rule and proved its convergence. Experimental results of image clustering on four popular face
datasets verify the effectiveness of LCGNMF in quantities.

is an auxiliary function for Fab.
Proof. Since Gðu; uÞ ¼ F ab ðuÞ is obvious, we only need to
show that Gðu; uðtÞ
Þ ZF ab ðuÞ. To do this, we compare the
ab
Taylor series expansion of Fab(u):
F ab ðuÞ ¼ F ab ðutab Þ þF 0ab ðu  utab Þ þ ððWðV  VÞT Þab
n
X
þα
ðLi  Li Þab ðΛi Þbb Þðu  utab Þ2 :

According to (A.5), we ﬁnd that the inequality Gðu; utab Þ
ZF ab ðuÞ is equivalent to:
ðW  ðUVðV T Þab þ α
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ZððWðV  VÞT Þab
n
X
þα
ðLi  Li Þab ðΛi Þbb Þutab :

ðA:7Þ

i¼1

By simple algebra, we obtain
X
ðW  ðUVÞV T Þab ¼
wak ðUVÞak vbk
k

X
wak vbk vbk utab

Appendix A. Convergence analysis

Z

This section utilizes the auxiliary function to prove the
convergence of Algorithm 1. We ﬁrst give the following
deﬁnition:

Z ðWðV  VÞT Þab utab ;

k

Deﬁnition 1. Gðx; x0 Þ is an auxiliary function of F(x) if the
following conditions:
Gðx; x0 Þ Z FðxÞ;

Gðx; x0 Þ ¼ FðxÞ

ðA:1Þ

are satisﬁed.
Based on Deﬁnition 1 and (16), we have the following
observations.

and
n
X

ðððLi  UÞΛi Þ  Li Þab ¼

i¼1

ðLi  Li Þab ðΛi Þbb utab :

ðA:9Þ

i¼1

H 0ab ¼

∂H ab
¼  2ðU T ðW  XÞÞab
∂vab
þ 2ðU T ðW  ðUVÞÞÞab
T

þ αðDiagððX U a 1T Þ  P a P a  ðX U a 1T ÞÞÞb
~ W
~ ÞÞ
þ 2βðVðD
ab

ðA:2Þ

ðA:10Þ

and

x

Proof. Fðuðt þ 1Þ Þ r Gðuðt þ 1Þ ; uðtÞ Þ rGðuðtÞ ; uðtÞ Þ ¼ FðuðtÞ Þ. Thus,
this completes the proof.□
Let Fab denotes the objective with respect to U with V
ﬁxed




∂F
F 0ab ¼ ab ¼ 2 ðW  XÞV T
þ 2 W  ðUVÞV T
ab
ab
∂uab
n
X
þ2α
ðððLi  ðU  X i 1T ÞÞΛi Þ  Li Þab
ðA:3Þ
i¼1

F ″ab

n
X

Thus, the inequality (A.8) holds and thus Gðu; utab Þ Z F ab ðuÞ.
Let Hab denote the objective with respect to V with U ﬁxed,

Lemma 1. If G is an auxiliary function of F, then F is nonincreasing under the update:
xt þ 1 ¼ arg minGðx; x0 Þ:

ðA:8Þ

H ″ab ¼ 2ððU  UÞT WÞaa þ 2βL~ bb :□

ðA:11Þ

Lemma 3. The function:


 
¼ H ab vðtÞ
G v; vðtÞ
ab
ab

 

þH 0ab vðtÞ
v  vðtÞ
ab
ab

þ



~
U T ðW  ðUVÞÞ
þαDiagððX  P a ÞT ðP a  XÞÞb þ 2βðV DÞ
ab
ab

vðtÞ
ab

ðv vðtÞ
Þ2
ab

ðA:12Þ

n


X
¼ 2 WðV  VÞT
þ2α
ðLi  Li Þab ðΛi Þbb
ab

i¼1

is an auxiliary function for Hab.
ðA:4Þ

Proof. Since Gðv; vÞ ¼ Hab ðvÞ is obvious, we only need to
show that Gðv; vtab Þ ZH ab ðvÞ. To do this, we calculate the
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T
t
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þ 2βðV DÞ
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Thus, the objective (A.7) holds and
completes the proof.□

Gðv; vtab Þ Z H ab ðvÞ.

This

According to the above lemmas, we prove the convergence of Theorem 1. We will show that the objective
function (16) of LCGNMF is bounded from below and nonincreasing under the update steps in (22) and (24). Since
the objective function (16) is greater than zero, we only
need to verify that the objective function (16) is nonincreasing under the updates steps in (22) and (24). Our
proof will make use of an auxiliary function similar to that
used in the Expectation-Maximization algorithm [43].
Proof. We substitute Gðu; utab Þ of (A.2) into (A.5) and
Gðv; vtab Þ of (A.2) into (A.12) to obtain the following update
rules:
utabþ 1 ¼ utab
utab
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 La Þab
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Since (A.5) and (A.12) are auxiliary function of (A.6) and
(A.13), respectively, Fab and Hab are non-increasing using
the update rules (22) and (24), respectively. This completes
the proof.□
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